Abstract. For the dualising sheaf ω X/B of a relatively minimal symplectic Lefschetz fibration π : X → B, we show that c 2 1 (ω X/B ) ≥ 0. Some consequences related to the Hodge bundle are obtained.
Introduction
A Lefschetz fibration π : X → B is an analogue of a stable holomorphic fibration in the smooth category. A symplectic Lefschetz fibration is a version of an almost-complex holomorphic fibration. Since Donaldson's seminal work [6, 7] on the topological description of closed symplectic manifolds, the symplectic Lefschetz fibration has received more attention in [1, 8, 10, 15] . Recall the following results: Theorem 1.1. Let X be a smooth, compact symplectic four manifold. Then 1. [7] After blowing up X a finite number of times f : X → X, there exists a symplectic Lefschetz fibration π : X → CP 1 . Our work is motivated by Theorem 1 of [10] which states that for a relatively minimal symplectic Lefschetz fibration π : X → B (not rational or ruled) c 2 1 (X) ≥ 1 2 χ(B) · χ(X b ), where X b is a generic fiber. Our main result (Theorem 2.3) is to prove that c 2 1 (X) ≥ 2χ(B) · χ(X b ) (the famous Paršhin-Arakělov inequality for relatively minimal stable holomorphic fibrations), holds for relatively minimal symplectic Lefschetz fibrations. Using a result of Taubes expressing the canonical class by embedded symplectic curves (see [17] ), we can also represent the Poincaré dual of c 1 (ω X/B ) by embedded symplectic curves by Proposition 2.2. The proof of Theorem 2.3 then follows from studying properties of the dualising sheaf ω X/B and the positivity of J-holomorphic curve intersections.
[17] If b
2. the dualising sheaf of a symplectic Lefschetz fibration Definition 2.1. Let X be a compact, connected, oriented smooth four manifold. A symplectic Lefschetz fibration is a triple (X, B, π) where π : X → B is a surjective symplectic morphism to a smooth surface satisfying: (i) dπ : T X → T B is surjective except on C = {p 1 , · · · , p δ } ⊂ X; (ii) For p ∈ B \ {π(a 1 ), · · · , π(a d )}, the fiber π −1 (p) = Σ h (a smooth orientable closed Riemann surface of genus h) and π is injective on C; (iii) If X i = π −1 (α i ) is a singular fiber, then there exist small disks α i ∈ U i ⊂ B and a i ∈ U a i ⊂ X i with π : U a i → U i being a complex Morse function in some local coordinates (z 1 , z 2 ) on U a i and z on U i with z = π(z 1 , z 2 ) = z 2 1 + z 2 2 ; (iv) There exists a symplectic form ω on X such that ω is nondegenerate on the regular fiber and nondegenerate on the two planes contained in the tangent cone of the singular fiber.
A symplectic Lefschetz fibration is relatively minimal if there is no fiber containing an exceptional sphere. There exist compatible almost complex structures J on X for which the fibers are J-holomorphic curves [10] and the projection π is J-holomorphic [15] (see [8] for more background on symplectic Lefschetz fibration).
X } is called the sheaf of relative differentials. Away from the set C of critical points, there exists an exact sequence of sheaves
X . The Poincaré dual of c 1 (K X ) can be represented by the fundamental class of an embedded symplectic curve by Theorem 0.2 (1) of [17] . The line bundle ω X/B = K X ⊗ π * (T 1,0 B ) is called the relative dualising sheaf of π : X → B (see [4, III. 12] ). The Poincaré dual of c 1 (ω X/B ) can also be represented by embedded symplectic curves. Note that Ω X/B = ω X/B ⊗ I C , where I C is the ideal sheaf of the set of critical points C ⊂ X. Let h be the genus of a generic fiber
where a i , b j ≥ 0, P i is a curve mapping surjectively to B and F j is a curve collapsed by π.
Proof: (following [2] ) It suffices to show that ω
(see [9] ).
Let U ⊂ B be an open set over which π * ω X/B is trivial; then
) is the determinant of the Wronskian matrix of the f i ([13, VII.4.9]). We can locally define a map
. This section is nonzero since {f 1 , . . . , f h } is a basis. Theorem 2.3. Let (X, B, π) be a smooth, relatively minimal symplectic Lefschetz fibration. If X is not rational or ruled, then
where X b is a generic fiber with genus h ≥ 1.
Proof: From the definition of ω X/B , we have c 1 (
It reduces to show that c 2 1 (ω X/B ) ≥ 0. By Proposition 2.2, we have 
By the adjunction formula, one gets Similarly,
where R i ≥ 0 by the Riemann-Hurwitz formula is the degree of ramification of the map P i → B. Therefore we obtain
where
Note that the projection π : X → B is J-holomorphic, and F j 's and h π * π * ω X/B are components of fibers (J-holomorphic). From Proposition 2.2, we get that P i 's are disjoint symplectic curves with respect to the almost complex structure J since
is also symplectic. So c 1 (P i )c 1 (P j ) ≥ 0 from the compatible orientation by [12] . Similarly, the intersection of F j 's and h π * π * ω X/B with c 1 (P i ) is positive by [12] . Thus ∆ i ≥ 0. We get
The result follows immediately by combining the results for each term in (1).
Remark: Note that in the case h = 0, π : X → B is a P 1 -bundle and so c 2 1
In the case h = 1, the projection formula [9, Ex.III. 8.3] gives ω X/B ∼ = π * L for some line bundle L on B, hence K 2 X = 0. The rational and ruled surfaces are exceptional symplectic 4-manifolds (see [11] ). The inequality of Theorem 2.3 is called Paršhin-Arakělov inequality (see [2, 10, 14] ). 
of formula (2).
By Corollary 2.5 (1), we have = 4d ≥ h 3h − 1 δ.
Therefore the result follows. . Proof: Since X does not have any symplectic exceptional spheres, the signature of X is no smaller than − 
